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Abstract

The diagnostic model introduced by Freparata
et al. assumes that 1) each unit has the capability
of testing eny other unit; and 2) no unit tests
itself. In this paper we eliminate these assump-
tions and consider a new diagnostic model im which
there exist some units without capability of test-
ing other units and some units with capability of
testing themselves. For this model we consider
the following three problems: 1) Necessary and
sufficient conditions for the existence of testing
links to form t-diagnosable systems, 2} Methods
for optimal assignment of testing links to achieve
a given diagnosability. 3) Necessary and sufficient
conditions for a given system to be t-diagnosable.

I. Introductiom

While the investigation of self-diagnosable
computer architectures has been proceeded [1]-[31,
many studies have been concerned with the amalysis
and synthesis problems of self-diagnosable systems
in graph-theoretic models [4]-[11]. The graph-
theoretic model was first formulated by Preparata
et al. [4], and it assumes that 1) each unit has
the capability of testing any other unit; and 2)
no uplt tests itself.

However, in the real computer systems these
assumptions may not always hold. Hence in order
te heve 2 more realistic assumption, we eliminate
the above assumptions and consider a new diagnostic
model in which there exist some units witheout cap-
ability of testing other units and some units with
capability of testing themselves. If a test outcome
of a faulty unit is unreliable, then self-testing
may or may not yield any Information. Hence, we
assume that the outcome of self-testing is always
reliable; that is if the test outcome of a self-
testing unit u is good, then we can conclude that
u is fault-free., For this model we consider the
following three problems: 1) Mecessary and suffi-
clent conditions for the existence of testing links
to form t-diagnosable systems. 2) Methods for
optimal assignment of testing links to achieve a
given diagnosability. 3) Necessary and sufficient
conditions for a given system to be t-diagnosable.

II. Dagnostic Model

A system is supposed to be partitioned into n
subsystems, or units, not necessarily identical.
Some units have the capability of testing other
units of the system by applying stimuli and cbserv-
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ing the ensuing responses. Some units have the
capability of testing themselves. Some units do
not have the capability of testing., Let V={u. ,u,,
cesau_} be the set of all units. Let ¥, c V be %hn
set of units without capability of tuatlug. Let
Vo £ V be the set of units that are capable of test-
ing themselves and other units. Each unit in V-V -
V., 1s capable of testing other units but not itﬂE}f.
e relation of testability can be represented by
a function ' mapping V inte 2V such that uge P(ui)
if and only if'ui tests “j' Hence, & system 5 will
be represented by a quadruple s-{v,vl.vz.r}. When

I' is undefined, it is denoted by the dash, that is,
5'(“,?1,?2,—}, Clearly, this diagnostic model can

be also represented by a directed graph G=(V,I),
called a diagnostic graph, where the arc l{ui,u )

J
is an ordered pair of vertices in V such that
uje r(ui}. For X c V, we define the following

functions: F{K]-ufxrfu). A(X)=T(X)-X, Thlfxﬁ-

{ul Fwnx # ¢}, & lgo=rtm-x.
Each unit in ?1 cannot test itself and other

units, and each unit mot in 'Fz cannot test itself,

Therefore, the function I must satisfy the follow-
ing connection condition.

Connection Conditien

1) For u « ¥V,, T{u)=¢ (the empty set).

2) Por u £ V- ge U ¢ T{u).

The testing unit u, evaluates the tested unit
v, ag either fault—free or faulty. The test out-

come is indicated by the weight n'{ui,uj‘,i on the
arc (u,,u_ )} of G and obeys the following rule:

1" ]
For uliuj.
u{ui,u I=0 if u, and u, are fault-free,
U(uiiyj}'l if u; 1s fault-free and
u:I is faulty,
u(ui,ujjzﬂ,l if uy iz faulty and -.-:I iz
fault-free,
ﬂ'(ui,uj}'=ﬂ.l if u, and u, are faulty.
For ui-'uj,

ﬁ{ui.ui]-ﬂ if uy is fault-free
u(ui,ui}-l if uy is faulty.
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This weight function o is termed drome of
the aystem. Given a directed graph G=(V,T) of a
system 8 and a syndrome o of 5, the fundamental
problem is to identify the faulty units. A consist-
ent fault set F with respect tec o sust satisfy the
following conditions:

1) u{ui,uj]-l for all u, ,u

fe - Lyl | i
ule F=V-F and ujc F.
2) a{ui,uj}-ﬂ fnr all “1'"] such that ujer(ui}
and u_l.u e F.
3) a{ui,ui}-l for all uy such that utEI'{'ui}l

and uge F.
A system E—(V,vl,?z,r} is said to be ocne-step

t-fault diagnosable ( shortly, t-diagnosable ) 1if
for any syndrome 0, and at most one consistent
fault set F with respect to ¢ such that |F| < ¢,
where fxl denotes the cardinalicy of a set X, all
faulte in F can be located (identified).

T1I. Exigstence Condition for
Ddagnosable Svstems

In this section, we consider the following
problem: Given a system S-{v,vl,?z,-}; find necea=
aary and sufficient condition for the existenca of
a function I te form a t-diagnosable system. HNote
that the function ' must satisfy the connection
condition as mentioned abowve.

Thecrem l: Given a system S'(‘l.l'.'lfl.‘i"z,—',l.

1) in case of |'i|'2[ * t, there slways exists a

function T' such that §-{v.v1,v2,rj is t-diagnosable,
and
2) in case of |Vé[ < t, there exists a function T

such that E-(v.\rl,vz,r) is t=diagnosable if and
only 1f [V] + [V,] - [v ] > 2¢ + 1.

Proof: The proof in case of |‘F21it is obvious.

In case of ]?zlﬂ:, the sufficiency can be prove
as follows. Let T a4 function such that I' " (u)

={u} for u EVZ and T~ {1.1.}-\'-?1-{'11] for uc‘L'z.

Clearly, T satiefies the commection conditionm.

If there exists at leaat one fault-=free unit
in vz' we can uniquely find a consistent fault set.
If g1l the units in ?2 are faulty, then we can see
that there exist at most t-|V,| faulty units in
V-V,-V,. Since [V|-|V,|-|v,]| > 2(t-]V,[)41, the
subsystem consisting of ?—Vl—?z is (t—|“2|l-diasnns—
able [4].
can be identified. On the other hand, t© > Ivzl

implies |V[-|v,| —Ivz[ > t, and thus we can find

Therefore all the faulty units in EI'-VI-'LFE

at least one fault=free unit u_ in V—‘i"l-'fz. Uaing

]

1 can be evaluated as

either fault-free or faulty. In this way we can
uniquely find a consistent fault set. Hence, the
ay¥stemn -(v,vl,vz,r‘j is t-diagnosable.

Conversely, the necessity can be proved as

this unitc uu, each unit in V
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such that u cl‘l{ui}.

fellows. Consider a maximally conmected graph G=
(V,T) satisfying the connection condition, that is,

l‘-ll:u}-‘li—?l for all u c\'z,

P~ (u)=v-v,-fu} for all u €V-V,-V,, and

I i(u)=v-v, For all u V..
We shall prove that if |?1+|?§|-|v1| < 2t+1, then
5“‘"-"1*"2'
gyndtbmc o such that ofu,u)=1 for all uEVé and
Then it can easily

T) is not t-diagnosable. Suppose a

o(u,v)=0 for all ue‘if2 1

be seen that all units in ¥, are faulty and all
units in \'l are fault-free.” This implies that

there exist at most t-l'lil'2| faulty units in V-V -V .
since [V[+]v,|-|v, | <241, that is, 11ir|-|v1|—|1.*2| <
2(t-|1.|'2|1+1, the subsystem consisting of "if-lfl'-'li"z
is not {t—|v2|}—diugnnaub1e [4]. Hence we cannot

{dentify all the faulty wnits in v-vl-vz, This

» VEV

implies that S is not t-diagnosable. This iz a
contradiction. 0.E.D.
Corollary 1: Given a system S=(V,V,,V,,-),

then there exists a function T such that S=(V.V1,
1]’2.1'1 ig t=diapnosable if and only if

t < max {|Ui|‘ |.|v|+|q21_|v11'J}.
2

When both 'Jl and \"2 are empty, we can show

that the condition of Theorem 1 and Corollary 1
means |[V| > 2t+l. This coineides with Theorem 1
of Preparata et al. [4], which 18 a special case
of Theorem 1 and Corollary 1.

IV. Optimal Comnection Asaignments

In the last section, we have showm the neces-
sary and gufficient condition for the existence of
a funetion T to form a t-dlagnosable system. In
this section we consider the design of optimal
t=disgnosable systems provided that the above
condition holds. The optimal t=diagnosable system
is defined 4z a t-diagneosable system in which the
number of arcs iz minimum.

Tn the wodel of Preparata et al. [&], if a
svetem 5 is t-diagnosable, then each unit of 5 is
tested by at least t other units. In our model we
have the similar results as follows. Let S-{Y,Vl.

?Z,T] be a t-diagnosable system. Let U = vé be

the set of all self-testing units, that is, U={ u |
u el(u)}. Then we have the following lemma. a
Lemma 1: If § is t-didgnosable, then |I™ (u}|
=t for all u V-U.
From Lemma 1, we can see that the number of
arca of a t=diagnosable system is at least (|‘||'I—
[e]ye+|ul. Since U c v,, we have

(Avl-Tulye + Ju] > (vl=lv, e + v, .

Therefore, we have the following lemma.
Lemma 2: Tf S=(V,V ,?E,I') is an optimal

—_— 1
t-diagnosable system, then the number of arcs of
§ is at least ([V]-]v,De + [v,[.



When U2 is empty, Lemma 2 coinecides with the

result of Preparata et al.[4].
Thegrem 2: If 5=(V,V ,V_,T} is t-diagnosable,

—EALER & ¥
then 5,=(V,¥,,V,.T,) is aldo “t-dfagnosable, where

Ty is defined as follows:

r;lh}'{u} for u «V,, and

2
u eV, .

rle=rte)  for :

Proof: Assume that S, is not t-diagnosable.
Then, there exist two consistent fault sets Fl and
F2 with respect to a syndrome a, such that

I¥y] =t and 751 = e

From o,, we define a syndrome o for the svetem
5 as follows:

For uj £ I‘(l.li}. uy eV and uj€ EZ' U(ui.uj}-

d*{ui,uj}‘

For uj £ l'(ui}. u, €V and u ¢ 'IuTz. cr(ui,uj}-

1 i
n*(uj.uj}.
Then we can see that both F1 and Fz are also

consistent fault sets of 5 with reapect to the
above syndrome o0, Therefore, S 1s not t-diagnosable.
0.E.D.
Wow we consider the following problem: Given a

system 5=(V,V..V,.,-), find methods for optimal assign-

ment of testing Iinks T' so that s-(v,vl,vz.r} is

t-diagnosable. On the basis of Theorem 2, we can
design a class of optimal t-diagnosable syatems
using the optimal design D, introduced by Preparata
et al. [4] as follows. A system 8 {8 said to
belong to a design Dﬁt when a testing links from ui

to s exists 1f and only if 1-i=fm ( modulo n ) and

m assumes the values 1,2,...,t.

Method of design “Et

_1) For the set Vy=V-V;, construct a graph

Gn=(V¥y,Cg) such thar the system corresponding to
the graph G, 18 one of the optimal svatem h&t of
Preparata et al.

2) Using the graph G,. econstruct a graph G=(V,
T) such that

T imdied shemunll on ey

2'
I‘_I(u}'rnlfuh for all u V-V -V , and
|1'_1l'.|.l} |=t for all u -E"ITI.

A system conatructed by the above method is
said to belong to a design ngt. From Theorem 2, it

can easily he seen that a system 5=fv,?l,v2,r}

belonging to design DI 18 t-disgnosable. Moreower,

it
the number of arces of the system 5 is exactly
{|‘|-|'|—|"-F2|)t ™ ]?2[4 Therefore from Lemma 2 we can

see that the system 5 is optimal.
Hext we shall show another optimal design of
t-diagnosable systems.

Method of design “H
(Case of |v,| > t)
Congtruct a graph G=(V,T') such that

r'l(uj-{u} for all ueV,, and
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rLow €V, and |I'-]'{u}'-l: for all ueV-v,,.
{Cage of [‘I.FEI < t)
1) For 'l?-"irl- 5+ comstruct a graph GU-{‘EI'JFI—!;Z,
I'DJ such that the system corresponding to the graph
Gg is one of the optimal systems Dﬁt" » where t'=
e-|¥,].
2) Using the graph ﬂﬂ construct & graph G=(V,
T') such that
I'-]'(u)-{u} :
T‘l{u)-v2u T_é(u} for all u V-V -V,, and

for all ue¥,,

e (u) | = for all u ev,.

A system constructed by the above method is
sald to belong to a design DIE. It can he proved

similarly as the proof of Theorem 1 that a system

% belonging to the desipgn nﬂ is t-diagnosable,

Moreover the mumber of arcs of the avstem § is
exactly ('?I—ll’zr]t * r‘i’zl. Therefore from Lemma 2

both
colncide

we can see that the system S is up%inal.

?1 and vz are empty, the designs nGt and Dﬁt

with the design nﬁt of Preparata et al. [4].
Example: To illustrate the designs of D

and D;::, wve consider a system 5=(V,V

1
it
1,v2.~) where

‘*'f“l‘“z'“"“ﬁ}' Vl-{uﬁ]‘, and ‘lle'l{ul}. Suppose

that t=2, then we have a system which belongs to
II

nI ag gshown in Fig. 1. 12

12
is shown in Fig. 2.

A system belonging to D

V. Diagnosability of Systems

S0 far we have discussed optimal conmectiom
assignment problem for t-diagnosable systems. Im
this section we present the necessary and aufficient
condition for a system with a diagnostic graph to he
t-diagnosable. For the model of Preparata et al.
[4], the necessary and sufficient condition for
t-diagnosability was already showm by Allan et al.
[6]. In this section we extend their results to
our new model.

Given a system 5=(V,V_,V_,T) and its praph
G=(V,T), let U < vz be the set of all self-tescing

units, that is, U={u |uel(u}}. Let P(G) be the set
of all partitioms of V with three disjeint blocks
(X,Y,2) such that
z| > 1,
AR =Y ({f.e., T(X) 2 Xu¥Y), and
DeXp¥X.

Let k be a function from P(G) to the set of

all positive integers such that for any p «P(G)
kip) = |1| + J%L

Far a graph G=(V,I), we define
1(6G)= min{ k(p) | p cP(G}} - 1,

but 1(6)=|V| when P(G) is empty.

Theorem 3: Given a system S=(V,V .FE.T} and
its graph G=(V,I'), then the system 5 1} t=diagnos-
able if and only if k(p) *» t for all p P(G), that
18, £ < t(G).



Proof-Necessity: Assume that there exists a
partition p=(X,Y,Z) ¢ P(G) with ki(p) < t. Divide
the set Z into two disjoint sets %, and Z, such

z lz| 2
that |'I.1[ i and |Zz| = Let 'Fl-‘fuz
and F,=TuZ,, then we have |7y l=lel+lz ] <wetp) < ¢
and |7, |=[¥]+|z,] < k() < ¢
For these sets F; and F.
follows:
o{u,v)=1

og{u,v)=1

2 we define a syndrome

if ucfi. 1|.rl51’:l and weT(u),
if utfz, veF, and vel'{u),
if u e Y n O,

ofu,uy=0 4if u e X n U, and
aflu,v)=0 otherwise.

Then we can easlly see that both Fl

o as

olu,u)=1

and !‘2 are

consistent fault sets with respect to the syndrome
#. Therefore, the system § is not t-diagnosable.

Suf ficiency:
Asgume that S5 is not t-diagnosable. Then there

exist two consistent fault sets Fl and ‘F'2 with
respect to a syndrome o such that F, ¢+ Fos |F1| st
and |F,| < t. Let X=V-(F,uP,), Y=F,0F, and
z-{Flqu}-t_‘FlnPZ) . fince Flﬂ?z s
Since both F, and F, are consistent fault sets, we

1 2
have A(X) = ¥ and U £ XuY. Therefore

is in P{C). Moreover, 2|Y]+|Z[-|F1|+
Hence we have kip)=|Y|+[ |z]/27] < «.

we have £ ¢ ¢.

p=(X,¥,2)
Trz'l £ 2%,

0.E.D.

When a system is t-diagnosable but not (t+1)-
diagnosable, then the number t is called the diag-
nosability of the system. From Theorem 3, we can
see that t(G) represents the diagnosabilicy of the
diagnoatic graph G. When the set U is empty, the
set P(G) eoincides with the set of partitions
introduced by Allan et al. [6]. Therefore, Theorem
3 1is a peneralization of the result of Allan et al.
When V=U, that is, all the unite are self-testing
units, then P(G) 1= empty, and thus the condition
of Theorem 3 always holds and § is t-diagnosable
for any t < |T|"'|.

Far the diagnosability T{G) we have the follow-
ing theorem.

Theorem 4: Given a system PW,?I,Vz,T'} and
its graph G=(V,T), then
w(e) < |v,| 4f WV, uV,, and

Iv. |-
T(B) £ |V|+]‘i"2|—._'i’1| 1] atherwise.
\ 2

Proof:
Case 1:

Ve Vlu Fz.

When V, is not empty, let pﬂ-wl—{v}.vz,{v}}
for =zome w‘?l. Then it can easily be seen that
e P(G) and that

min{ k(p) | peP(E)} =< k(pﬂ}-1v2|+[%1=[v21+1.
Therefore we have T(G)} fl"i" |-
When ‘Fl is empty, ?hei V-Fz and thus we have
T(G) < lsz.

Cage 2: V # 'J'lu ".I’E.

Let Pu"'-""l'vz ,\I’-('l.'lull'z.'! 3y, then it can easily

Fo
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be geen that p_ 1s in P(G). Moreover we have
. [vl-1v,1-1v,1
min{ k(p) | p P(G)} f,kfp,,)'lvzl"[ ____22 1]
This implies taht
e < I-p2|+ |‘|?1-Iv21—|'“1|]_1_ |.|?1+|v21_|"l1|-1-]
i = roaakl o fo R R

2
Q.E.D.
Corollary 2: Given a system E-(‘F,?I,vz.r} and
its graph G=(V,T), then

*(6) < maxl [V,], ‘.|“|+1"1['|‘?1|'1J} :
2

Corollary 2 shows the same results as Corollary
1. We have proved the same result in two different

ways.
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