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TABLE IV input and r product lines, (n + 2)r + 2 test patterns are necessary
THE COMPLETE PLA TEST PROGRAM (excluding shift register tests).
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The last step tests the OR plane. This is accomplished by activat-

ing one product line at a time and reading the output pattern gener-
ated by the PLA and comparing it to the expected output pattern.
This step is done by PROCEDURE THREE in Table III.
The complete TEST program for the augmented PLA of Fig. 2 is

simply a sequence of calls to PROCEDURES ZERO, ONE, TWO, and
THREE, as shown in Table IV.

Ill. REMARKS A New PLA Design for Universal Testability
The augmentation needed for the PLA is minimal: a shift register HIDEO FUJIWARA

with as many cells as there are product terms in the PLA, and one
extra output line. Furthermore, there is no gate delay inserted in the Abstract -A new design of universally testable PLA's is presented in
normal operation path of the PLA. The test patterns and their corre- which all multiple faults can be detected by a universal test set which is
sponding output responses are function dependent. Therefore, this independent of the function being realized by the PLA. The proposed
scheme is not appropriate for built-in test. However, the test patterns design has the following properties. 1) It can be tested with function-
and their expected responses are very simply derivable from the independent test patterns; hence, no test pattern generation is required.
personality matrix of the PLA. Note that the test patterns used are 2) The amount of extra hardware is significantly decreased compared to
either X(i) or X(i - j), with the shift register either at S(i) state or the previous designs of universally testable PLA's. 3) Very high fault
at the all-I state. The expected output patterns are either direct coverage is achieved, i.e., all single and multiple stuck faults, crosspoint
mapping of the OR plane (in the case of PROCEDURE THREE), or are faults, and adjacent line bridging faults are detected. 4) It is appropriate
determined by knowing whether a given input variable is "don't- for built-in testing approaches. 5) It can be applied to the high-density
care" for a given product line. This latter information is again easily PLA's using array folding techniques.
derivable from the personality of the PLA in the AND plane.
The fault converage of this scheme is very high: all single and Index Terms -Built-in test, design for testability, fault detection,

multiple stuck-at faults, crosspoint faults, and all combinations function-independent test, PLA folding, programmable logic array
thereof are detected. The proof of the coverage is given in [6]. (PLA), testing, universal test.

Finally, the augmentation described here can be applied to folded
PLA's [3], [4], and [9]. For more details, see [6]. Manuscript received February 11, 1983; revised September 30, 1983.

Table V shows the test patterns for the PLA of Fig. 1, assuming The author is with the Department of Electronic Engineering, Osaka Univer-
that the PLA is augmented as shown in Fig. 2. For a PLA with n sity, Osaka 565, Japan.
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I. INTRODUCTION patterns and output test responses are both function independent
under single-fault assumption.

Because of the rapidly increasing circuit density in LSI/VLSI 5) The design can be applied to the high-density PLA's using
technology, the testing problem is getting much more difficult and array folding techniques.
worse. One approach to alleviate this problem is embodied in design
for testability techniques [ A]. With these techniques, sufficient extra
circuitry is added to a circuit or chip so as to reduce the complexity ll. AUGMENTED PLA'S FOR MULTIPLE FAULTS
of testing or the cost of testing. The complexity or cost of testing can A PLA consists of three main sections: the decoder, the AND
be classified into two categories: one is the ease of test generation array, and the OR array. The decoder section usually consists of a
and the other is the ease of test application. For the first category, collection of one-input decoders or two-input decoders. A PLA can
the optimum design to minimize the test generation cost is achieved be implemented both in bipolar and MOS technology. In this corre-
by eliminating the expensive stage of test generation. Such a design spondence, we assume that the PLA's are NOR-NOR implemented in
can be accomplished by universal testing or function-independent NMOS technology and consist of one-input decoders. These as-
testing such that test patterns are predetermined independently sumptions do not affect our argument. The results given here can
of the function being realized. Various designs for universal testa- easily be modified to be applicable to PLA's implemented in other
bility have been reported successfully for the circuits with regular technology, or with two or more input decoders. A PLA consists of
structures such as Reed-Muller canonic circuits [2], [3] and pro- n inputs, 2n rows in AND array, m columns (product lines), and
grammable logic arrays (PLA's) [4]-[7]. The PLA, which is con- e rows (outputs) in OR array.
ceptually a two-level AND-OR, is especially attractive in LSI/VLSI Consider the augmented PLA shown in Fig. 1. It is augmented by
due to its memory-like array structure, and has become a popular adding a shift register, two columns between the decoder and the
and effective tool for implementing logic functions [12]-[16]. AND array, and one column and one row to AND and OR arrays,
The first contributions to the design of universally testable PLA's respectively. The extra connections shown in Fig. 2 are for an

are Fujiwara et al. [4], [5] and Hong and Ostapko [6]. They have implementation in NMOS technology. The augrnented PLA can
independently proposed'designs of PLA's which can be tested easily be obtained by excluding two EXCLUSIVE OR cascades from the PLA
by function-independent test patterns. Although the designs of of Fujiwara [4], [5:1, although the connections of the added
Fujiwara [4], [5] and Hong [6] differ in implementation, the essen- column/row in the AND/OR array are different. Therefore, the
tial idea is almost the same. They both have extra circuitry to select amount of extra hardware is significantly decreased compared to
one row line Of-AND array, a shift register to select one product line, the previous designs of universally testable PLA's [41-[7].
and two EXCLUSIVE OR cascades or trees to check the parity of the A shift register is added to select a column (product line) in the
row and column in the array. While these designs have succeeded in AND array. Each column Pi is ANDed by the complement of each
reducing the cost of test generation, there still remain some prob- variable Si of the shift register as follows:
lems. Both designs use two EXCLUSIVE OR cascades or trees which
occupy a large extra area of the chip in most technology. Moreover, P, = p Si for i = 1, 2, , m
only single faults for stuck and crosspoint faults are considered
in these designs [4]-[6], although most of the multiple faults are whererpa is a product term generated by the ith column of the original
also detected. AND array. An extra product line Pm l is added which has devices on

In order to solve these problems of hardware cost and limited fault all crosspoints in the AND array, i.e.,
coverage, Saluja et al. [7] presented a design of PLA's with univer-
sal tests. The design of Saluja [7] notably excludes the two PI,+ Q Q2 .Q2nl SmII+
EXCLUSIVE OR cascades or trees that existed in the previous designs, where Q, is the ith row of the AND array. An extra output line Z is
and has a universal test set which detects multiple stuck and cross- added which has devices on all product lines, i.e.,
point faults. However, the design of Saluja [7] still has the following
drawbacks. Although it decreases the amount of extra hardware by Z=_p + p& + + pm + p,
excluding EXCLUSIVE OR cascades or trees, the reduction is not suf-
ficient since another shift register is appended. Also, the circuitry to. , . n .~~~~~~~~t Two extra control lines Cl and C2 are added to disable all Xi's and
select one row line of the AND array adds two gate delays to the Xs, respectively, as follows:
normal operation of the PLA; that is, the speed degradation is worse
than the PLA's of Fujiwara [4], [5] and Hong [6]. Furthermore, fault - Xi
coverage is not complete since the bridging faults, which are im- = C
portant in PLA's, are not considered. Although the input test pat- Q2i = Xi C2 for i = 1, 2, n
terns are function independent, the output test responses in the
design of Saluja [7] are not function independent. This makes its where Xi is the ith input line and Qj is the jth row of the AND array.
incorporation with built-in testing difficult. The section composed of 2 x 2n crosspoints on two control lines is

In this correspondence, a new design of universally testable PLA's called the control array of the augmented PLA.
is presented. The proposed design has the following properties. The augmented PLA has the following properties.

1) It can be tested with function-independent test patterns. For 1) The shift register can be used to select an arbitrary column of
the design of PLA's under the single-fault assumption, both the the AND array by setting 0 to the selected column and 1 to all other
input test patterns and output test responses are function indepen- columns. Note that since NOR logic is assumed, to select a column
dent. However, under multiple-fault assumption the output test re- or product line Pi, Si should be 0 and all other Si's should be 1.
sponses are not function independent. 2) The control array can be used to select any row of the AND

2) The amount of extra hardware is significantly decreased com- array, i.e., to sensitize any output line of the decoder. To select
pared to the previous designs of universally testable PLA' s [4]-[7]. Q2i- set XitoO0, all other X1' s to 1, C1 toO0, and C2 to 1I. To select
The ratio of additional hardware to original hardware can be reason- Q2i, set X, to 1, all other Xj's to 0, Cl to 1, and C2 to 0. Note that
ably small for LSI and VLSI chips. For example, for a PLA with in NOR logic selecting a row is equivalent to setting the row to 1 and
60 inputs, 60 outputs, and 200 product terms, the ratio is less than all other rows to 0.
5 percent. 3) The extra column Pm±i in the AND array can be used to test

3) Very high fault coverage is achieved, i.e., any combination of stuck, crosspoint, and bridging faults in the decoder and the control
stuck faults, crosspoint faults, and adjacent line bridging faults in array, and also to test stuck and bridging faults on the rows of the
the PLA are detected. AND array.

4) It is appropriate for built-in testing approaches since input test 4) The extra row and output line Z of the OR array can be used
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faults, and bridging faults in the PLA, by the test set Tn,mep shown
Pi P~~M Pm+l in Table I.

Fig. 1. Augmented PLA for multiple faults. By Theorem I, the test set T~,m+ is shown to be the multiple fault
test set for the augmented PLA's of Fig. 1. Furthermore, the test
patterns of Tn,, m+ are function independent, but their responses are
not function independent. However, the responses of test patterns

1 2 P. can be easily derived from the personality matrix of the PLA.
Using the test set Tn, ±, we can construct a test sequence for the

Sl Iaugmented PLA's as follows:
Xj TD ); Q~~~~~2i-1vv

| _ | - ~ ~ ~ ~ ~ ~ Tn m +S I= |IJ212 . . . I 2 + II 3I41 I41 . .I/41 . . J4 . . . I4n . . J4L> T,; , , 11112 Inl+ 112 nll I Inm+ I

Q2i~ ~ I 11121 nfl 1J 11ni+ I...nmi+

The length of the test sequence is 2nm + 2n + m + 3.
(a) (b) Finally, we will estimate the area of increase in the augmented

PLA's of Fig. 4. Let AI be an area of a transistor, let A2 be an area
Fig. 2. Extra device in NMOS technology. of a pull-up, and let A3 be an area of a cell of a shift register. Then

the ratio of extra hardware to original hardware is

to test stuck and bridging faults on the columns or product lines and 0 = A(6n + m + e +1) + A3(m +1) x 100
crosspoint faults in the AND array in cooperation with other extra (A, + A2) (3n + t) + A,(2n + f)m + A2(r + f)
hardware. (percent)
The types of faults considered in this section are the multiple

faults such that any combination of the following types of faults Assuming that A = A2 and A3 6 x A1, we have
occurs simultaneously.

1) Stuck faults in the augmented PLA, i.e., stuck-at-0/1 faults - 6n + 7m + ( + 7 x 100 (percet)
on the lines, XK's, Ci's, Qi's, P,'s, F1's, Z, and S1's. 6n + 2nm + (3m + m +3p

2) Crosspoint faults in the control array, the AND array, and the
OR array. A crosspoint fault is an extra or a missing device fault at In some of the more recent VLSI chips, PLA's take a large part of
the corresponding crosspoint. the chips. For example, the BELLMAC-32A, a 32 bit single chip

3) Adjacent line bridging faults in the control array, the AND microprocessor [16], has eight PLA's. The sizes of these PLA's
array, and the OR array, i.e., bridging faults between C1 and C2, Qi range from 25 inputs, 12 outputs, and 42 product terms to
and Qi+ , Pi and Pi+1, Fi and Fi+ , and Fe and Z. The technology 50 inputs, 67 outputs, and 190 product terms as shown in Table II.
used, will determine what effect the bridging will have. In this Table I1 shows the ratio of hardware increase for the BELLMAC-
correspondence, the PLA is assumed to be NOR-NOR implemented in 32A if we redesign the eight PLA's with the universally testable
NMOS technology. Hence, a bridging fault between two lines can PLA's of Fig. 1. The ratio is very small, and for larger PLA's the
be assumed to produce an AND function between the lines since low increase will become much smaller For example, for a PLA with
will dominate in NMOS technology. However, the results given 60 inputs, 60 outputs, and 200 product terms, the ratio is less than
here can easily be modified to OR-type bridging faults. 5 percent.

Table I shows the test set Tn,m+i to detect all multiple faults
mentioned above, where n and m are the numbers of inputs and III. AUGMENTED PL.A'S FOR SINGLE FAULTS
product lines, respectively, in the original PLA before augmen- In Section It, we have presented a design of universally testable
tation. We can show that Tn, m+ is the multiple fault 'test set for the PLA's for multiple faults. The test set T1, m"+ of Fig. 1 is universal
PLA's of Fig. 1 in the following theorem. The proof is omitted due since the test patterns are independent of the function implemented
to limitation of space. For the detailed proof, see [20]. by the PLA, but their responses are not function independent.
Theorem 1: The augmented PLA of Fig. 1 can be tested for all However, if we assume the single fault model, we can design an

multiple faults, i.e., any combination of stuck faults, crosspoint augmented PLA for which both the input test patterns and their
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TABLE IIs
RATIO OF AUGMENTATION FOR BELLMAC-32A i n VW+12out

I 2

PLA Inpu:ts Outputs Product Terms Ratio of Tncrease (% )

xl 8
1 50 67 1]90 5.3

2 30 27 120 9.7

3 27 514 1,81 74.

4 56 6i 136 5.7

5 30 37 153 8.5
n 2n-1

6 21'i 13 66L 16.2

7 -12 21 58 18.1

8 25 12 42 16.3

>°F1

Total 7.5 ,

responses are independent of the function. In this section, we will
present the PLA design under single fault assumption. Z
The PLA's for single faults can be similarly augmented as shown L k L Z

in Fig. 3. On the whole, the structure of augmented PLA is the same
as that of Fig. 1, except the connections of devices on the extra pp++ p+2
columns and rows in the AND and the OR arrays. The augmented PLA
of Fig. 3 has two extra columns in the AND array and two extra rows Fig. 3. Augmented PLA for single faults.
in the OR array which satisfy the following conditions.

1) An extra product line Pm+2 is added which has devices on all
crosspoints in the AND array, i.e.,

Expec ted

Prn--2 = Ql Q2 Q2u Smnr2 Test Circuit Response
Sequence Under ResponseGodFut

where Qi is the ith row of the AND array. Tes Comparutor
2) An extra product line Pn±i, is added which has devices at the

two crosspoints of Q, and Q2, so that Pn+1 is always set to 0 during
normal operation of the PLA. (a)

3) The existence of a device at the crosspoint of Pm±, and Q3 is
arranged so that the total number of absence of devices at the cross-
points of P, and Q2i-- for all i = I, ,n andj 1l, ,m + 1 tEpetted
is odd. Test Circui't Parity

4) Similarly, the existence of a device at the crosspoint of '
P,,, and Q4 is arranged so that the total number of absence of Sequence Under Pi Good/Faultyn±1 Purityt~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~--omparator
devices at the crosspoints of Pj and Q2i for all i = I, , n, and Test Counter
j = 1, ,m + l is odd.

5) An extra output line Z, is added which has devices on alternate (b)
crosspoints in the OR array.

6) An extra output line Z2 is added which has devices on all
crosspoints in the OR array.

7) The column Pm+2 has devices on alternate crosspoints in the
OR array. F/F

8) For each row Fi in the OR array, the existence of a device at the Pros PLA
crosspoint of Pm+ l and Fi is arranged so that the number of presence
of devices on the crosspoints of PI, P2, P,m+I is odd. Clock

The types of faults considered in this section are the single faults (c)
as follows.

1) Single stuck faults in the augmented PLA, i.e., stuck-at-O/l Fig. 4. Testing schemes. (a) Conventional testing scheme. (b) Parity
faults on the lines, Xi's, Ci's, Qi's, Pi's, ZI, Z2, and Si's. compression testing scheme. (c) Parity counter.

2) Single crosspoint faults in the control array, the AND array, and
the or array. We can show that Tn.m+2 detects all single faults in the PLA's of

3) Single bridging faults between adjacent lines in the control Fig. 3 in the following theorem.
array, the AND array, and the OR array. In the ordinary testing scheme, a sequence of test patterns is
The test sequence to detect all single faults mentioned above ts applied to the circuit under test and the response of the circuit is

the same as that described in Section II. It is constructed by the
testsetT,,rn+asfollws,whee nandm ar th nuber of compared against the previously obtained correct response one by

iptesteand prouc termflofs theoriginaldPL befre ah ugmbentatin one as shown in Fig. 4(a). In this section, we consider a differentinpus ad poduttrmsof he rlgial LA efoe agmetatOnS testing scheme using parity counters as shown in Fig. 4(b). The
respectively, ~~~~~~~~~response iS compressed by a parity counter and then compared

n,n2= I1 I212, *, 2+213'1']l/21 .. ...q 4 I4,m+2.'''In,m1+2 against a reference value only at a predetermined time. The timing
of parity checking and the expected parity of the response for the test

1111I21 *. *I51 *.* *IJ* *I1 m+2 ***In. m+2. sequence Tn m+2 are shown in Table III, where
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TABLE III
UNIVERSAL TEST SEQUENCE

. I I I 1* T2. T I I T
Test SequIence 1 T2 2 T* T T**I T

TsM+1M+to+2 I1 nn,+l t ,a+2 mn,m+2 Il---n,ml,rn+2*

Parity ClDleck - tt t t t t tParityCheck ~~~~ ~~23 4 5 6 7 8 9
Titre

"1 1 .X X X X X X X

xulec4e 10e
1

,.0r.+7J7A 1 0

Z7 II P X X X X X X X

2 113 2 3 3 3 2 2 2

a 2 32 23=3l33.22)
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ing three problems associated with estimating SL(C) and S*(C).
1) Generalized Minimum Test Size (GMTS) Problem: Given an

irredundant circuit C and any subset L of the leads in C, compute
SL(C).

On the Complexity of Estimating the Size of a Test Set 2) Minimum Test Size (MTS) Problem: Given an irredundant

BALAKRISHNAN KRISHNAMURTHY AND circuit C, compute S*(C).
SHELDON B. AKERS 3) a-Approximate Minimum Test Size (AMTS(a)) Problem:

Given an irredundant circuit C and a > 1, compute a number t such
Abstract -Most NP-completeness results for test generation problems that S*(C) . t ha Sar(C).

involve a reduction to the redundancy problem, which explicitlv encodes It will be shown that all of these problems are NP-hard. We do this
the satisfiability problem. In this correspondence we investigate the by showing that the satisfiability (SAT) problem is polynomially
complexity of a more modest problem -that of estimating the size of a test reducible to each of the above problems. To this end, we begin
set under the constraint that the circuit is irredundant. We show that even with a Boolean formula F and construct a circuit for which the
this constrained problem is NP-hard in the strong sense. corresponding answers will enable us to quickly determine if F

is satisfiable.
Index Terms -Combinational circuits, complexity, redundancy, test- First, we construct a circuit C1(F) from a Boolean formula F as

ability, test sets. shown in Fig. 1. Without loss of generality, it is assumed that F is
expressed in a product-of-sums form with n variables and k terms in

INTRODUCTION the product. We note that the circuit realizes the formula F, i.e., for
The recent trend towards the incorporation of testability into any given input, the output of the circuit will be the value of the

digital design procedures has placed renewed emphasis on the need formula. In Fig. 1, the variables of F are represented as v,, v, ,
for quantifying this term precisely. This, in turn, has led researchers v,,. There is an OR-gate Gi for each of the k terms in the product. The
to consider the closely related problem of determining the size of the inputs to each such gate are either the variables vj or their com-
test set necessary to detect a specific set of faults within a given plements. These inputs will be referred to as literals to indicate that
digital circuit. they are variables with possibly complementation. We can assume

For specialized circuits and functions, a number of results have that none of the G, gates contains both literals of a single variable.
already been obtained. These relate to fan-out-free circuits [7], unate Thus, each Gi has at most n inputs.
functions [2], linear circuits [4], AND-OR circuits [ 1], etc. However, A primary input is an input to a gate in the circuit that is not an
the extension of these results to more generalized circuits (even output of any other gate in the circuit. For example, all inputs to the
purely combinational ones) has thus far been largely unsuccessful. G gates in Cl (F) are primary inputs, whereas the inputs to the A gate
On the other hand, the well-known results by Ibaraki et al. [8], are not primary inputs. Clearly, a primary input can always be set

Ibarra and Sahni [9], and others show that a number of test gen- to any desired logical value. In addition, we make two simple
eration problems belong to the class of notoriously difficult NP- observations on C,(F) that will be used repeatedly in the subsequent
complete problems [6]. Thus, we are essentially asking if we can arguments.
easily estimate the size of a set even though the actual determination 1) The output of any one G-gate can be set to any desired logical
of the set itself may be quite difficult. However, even here, all may value by appropriately setting the primary inputs to that gate.
not be lost. Polya's famous counting theorem [3], for example, 2) The outputs of all the G-gates can be simultaneously set to
shows that it is often possible to calculate the exact size of a set of 1 iff the formula F is satisfiable.
classes even though we may have no simple way of actually deter- C, (F) is the first of the circuits that we will construct in this paper.
mining a representative of each class. Observe that CI(F) may not be irredundant. In fact, a s-a-0 fault

In what follows, three problems relating to test size estimation can be detected on output lead 0 iff F is satisfiable. This follows
will be formally stated. Proofs will then be given that all three of immediately from observation 2 and thus proves that the redundant
these problems are NP-hard. lead problem is NP-hard-a result already shown in [9]. In the

remainder of this correspondence, we construct irredundant circuits
from arbitrary Boolean formulas and use them to prove that SAT is

PRELIMINARIES polynomially reducible to the three problems mentioned above. We
In this correspondence we will be concerned with the problem of denote polynomial reducibility by xa

estimating the size of a test set to detect all single stuck-at faults in
an irredundant combinational circuit. Specifically, let C be a MAIN RESULTS
combinational circuit. A lead t in C is said to be irredundant
whenever replacing f by a constant logical value (0 or 1) changes the We begin by removing the redundancy in C,(F). To do this, we

construct C2(F) as shown in Fig. 2. The k additional primary input
leads are w,, w2, , Wk. Now the first lemma follows.
Lemma 1. For any Boolean formula F, C2(F) is irredundant.
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