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Design of Diagnosable Sequential Machines
Utilizing Extra Outputs
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Abstract—This paper is concerned with the problem of designing
easily testable sequential machines, output-observable machines,
for which there exist very short checking experiments. A sequential
machine for which any initial state can be uniquely determined only
by the output response is said to be output-observable. An algorithm
is developed to modify a given machine to an output-observable one
by adding a minimum number of extra outputs. This method is based
on the fact that the output-observable realization of a given machine
M exists if and only if M is semi-FSR realizable (a special type of
feedback shift register realization).

For the k-output-observable sequential machine, we can find a
checking sequence w;w: such that w; is an input-output sequence
which passes through all the transitions-of the given state table and
w2 is an arbitrary input-output sequence of length k. Since a checking
sequence must pass through all the transitions of the given state
table, the length of the checking sequence ww: is nearly minimum.
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I. INTRODUCTION

HE PROBLEM considered here is the design of easily

testable sequential machines for which there exist
very short checking experiments. A checking experiment
on a sequential machine is the application of input se-
quences to the input terminals and observation of the
output sequences at the output terminals to determine
whether or not the machine is operating correctly. An
approach to the design of checking experiments, called the
transition checking approach, was first introduced by
Hennie [17]. However, for machines without distinguish-
ing sequences, his procedure yields very long test se-
quences. Hence for machines that do not have any
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TABLE 1
MacHINE M,
N.S., z
P.S x=0 , xil
1 4, 0 2, 0
2 3, 0 2, 0
3 4, 1 3, 1
4 5, 1 5, 1
5 5, 1 1, 1

distinguishing sequences, new approaches are proposed
to this problem. One approach is to modify a given machine
by adding extra inputs [2]-[4] or outputs [5]-[10] so
that the modified machine has a distinguishing sequence.
For an n-state, m-input symbol machine, these procedures
give a bound on the length of checking sequences that is
approximately mn?. Therefore, for machines with a large
number of states, these procedures yield very long experi-
ments, which make them impractical.

In order to overcome this, we introduce the output-
observable sequential machines which have checking se-
quences of short length. For a k-output-observable
sequential machine, we can find a checking sequence
wiws such that w; is an input—output sequence which passes
through all the transitions of the given state table and
wp 18 an arbitrary input—output sequence of length k.
Since a checking sequence must pass through all the transi-
tions of the given state table, it is shown that the pro-
cedure of organizing checking sequences is simple and
systematic.

The first half of this paper describes a method for the
modification of a given machine to an output-observable
one by adding a minimum number of extra outputs. Our
aim is to determine the minimal amount of additional
output logic which is necessary and sufficient to obtain
the property of output observability. This method is
based on the fact that the output-observable realization
of a given machine M exists if and only if M is semi-feed-
back shift register (FSR) realizable. The second half of
this paper presents a procedure for the design of very
short checking experiments for the output-observable
sequential machines.

II. OUTPUT-OBSERVABILITY AND
SEMI-FSR REALIZABILITY

A sequential machine M will be represented by a
quintuple M = (8,1,Z,5,\) where S is a finite set of
states, I is the input alphabet, Z is the output alphabet,
6:8 X I* — 8 is the next state function, and A: S X I* —
Z* is the output function. The sequential machines con-
sidered in this paper are assumed to be reduced and
strongly connected Mealy machines such that binary
codes are already assigned to their output symbols, i.e.,
the output function X is represented by a direct product
21 X +++ X 2z, of binary output functions zy,« * *,2p.

A partition on a set of states S is a collection of disjoint
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subsets of S, called blocks, such that their set union is S.
A relation < on S corresponding to a partition = is a rela-
tion such that S; % S; for S;, S; € 8 if and only if S; and
S; belong to the same block of . 77 is the partition on S
such that S; 57 S;ifand onlyif S;+ S; and S;+ S;. v+~
is the partition on S such that S;7% S; if and only if
8:% S;or 8; % 8;. The following two partitions are called
trivial: the zero = identity partition 0 = I in which all
elements of S form one block, and the zero & identity
partition 0 = I in which every block is a singleton. =
is a refinement of r (denoted by = < 7) if and only if
S;: 7 8; implies S;7¥ S;.

The transition graph (defined in Nichols [16]) of a
partition = is a graph in which each vertex corresponds to
a block of = and there is an arc from vertex v; to vertex v;
if and only if there is a state Si € B; (B; is the block of =
corresponding to vertex »;) and an input I; such that
8(8Sk,I;) = Su € B,

A partition = is a shift register partition (SRP) [16] if
and only if the transition graph of = is a subgraph of some
Good diagram [167]. = has length I if it is a subgraph of the
Good diagram of an [-stage shift register.

As an example, consider machine M, given by Table I
and a partition = = {1;2,3;4;5}. We obtain the transition
graph shown in Fig. 1(a). This transition graph is a sub-
graph of the Good diagram of a two-stage shift register
shown in Fig. 1(b). Therefore, the partition = =
{1,2,3;4;5} is an SRP.

The following theorem follows directly from the defini-
tion of SRP.

Theorem 1 (Nichols [11]): A realization of M using a
shift register of length I exists if and only if M has an
SRP of length .

Note that in this realization, each state is given a single
coding and that the states grouped together in a block of
the SRP are given the same coding in the corresponding
shift register.

Suppose that we are given a list of SRP’s of M and
have found a realization using p shift registers of length
ki,ks,- - - ,k, (see Fig. 2). Then, for each shift register in
the realization, there must be a corresponding SRP in the
list. Let a1,ms,+ -+ +,m, be the set of SRP’s corresponding to
the realization, and let # = mmz- - -7,. Then, in this real-
ization, the states grouped together in a block of = are
given the same coding in the corresponding p shift registers.
We will call this partial FSR (feedback shift register)
realization “semi-FSR realization,” and define it as
follows.

Definition 1: Let Y;(7 = 1,2,+++ks; 2 = 1,2,--+,p) be
the internal state variables, and let Y;;(¢) be the value
of Y,; at time ¢t where each k; is a positive integer. A
sequential machine M is ecalled ky,ke, -+ - ky-semi-FSR
realizable with respect to a partition  if the state machine’
of M can be realized with the state assignment which
satisfies the following conditons.

t State machine of M = (8,1,Z,8,~) is defined as a triple M, =
(S,1,5) (see [14]).
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(a)
(b)
Fig. 1. (a) Transition graph for » = {I;23;4; 5} in machine M,.
(b) Good diagram for a two-stage shift register.
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Fig. 2. Feedback shift register circuit.

Condition 1: Y{j(t) = Y,'j_),(t - 1) for ] = 2,3,"',](7.‘
and ¢ = 1,2,---,p.

Condition 2: S; ¢ S; if and only if
(yn'yyae’s s = = Yama’se « = Ym'se * * Yok,

= (yllj:yuj: se :ylklj;' - ;ypljt e 7ypkwj)
where (yu® -« Yk’ * ;¥m’ e« *,Ypk,’) denotes a binary
code of the state assignment corresponding to state S;.

When = is the zero partition, the semi-FSR realizability
coincides with the ordinary FSR realizability. Hence the
semi-FSR realization is a generalization of ordinary FSR
realization.

As an example, consider machine M, given by Table I
and a partition = = {1;2,3;4;5}. The state assignment
shown in Table II satisfies the following conditions.

Condition 1: Yo(t) = Y1(t — 1).
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TABLE II
STATE ASSIGNMENT
p.s. | N1 Y2
1 0 1
2 0 0
3 0 0
4 1 0
5 1 1

Condition 2: S;%8S; if and only if (y1%y.") = (y1/,y2%)
where (y1%y2*) denotes a bindary code corresponding to
state S..

Hence, M, is 2-semi-FSR realizable with respect to .

Lemma 1: A sequential machine M is k-semi-FSR real-
izable with respect to a partition = if and only if there is
an SRP of length % in M.

Proof: This can be proved immediately from Theorem
1, Definition 1, and the definition of SRP. Q.E.D.

Lemma 2: A sequential machine M is ky,ke,- - -,k -semi-
FSR realizable with respect to = if and only if there exist
p partitions my, e, -« +,7, such that = = mms+« -7, and for
each ¢ (2 = 1,2,+++p) M is k;-semi-FSR realizable with
respect to w; where each k; is a positive integer.

Proof: Suppose that M is ky,ks, - - - ,k,-semi-FSR real-
izable with respect to . From Definition 1, there exists a
realization with state variables Y /s satisfying the follow-
ing conditions.

Condition 1: Y._,(t) = Y,',j_l(t bt 1) for 2 S ] S ki and
<1< p.

Condition 2: S;7¥ 8, if and only if

b 3 L. . 3 1
(ynbys’y+ « = Yues’s e+ = Yy * + 3 Yk, ")
= (qu,me, .o -ylli; Y ;ypl]; .o .,ypk,’]) .

Define the partition m;(1 < I < p) corresponding to the
relation 7/ defined as S;47 S;if and only if (yu? -« yu,’) =
(yu’ - *yu,?). Then, from this and (1), it is clear that M
is k-semi-FSR realizable with respect to 7.(1 <! < p).
Therefore, we have only to show that 7= = mme- - m,.
From (2) we have that S;% S; if and only if

(yu® =+« Yier¥5e = = 5ym’y e« < Yk, ")
= (yni’ .o .’ylli;- .o ;yle’ se e ;ypk,]) .

This equation holds if and only if (yu’-:«,ym®) =
(yud,+ -, yw,?) for all I(1 <1 < p), i.e., S;5 S; for all L.
Hence we have that S;%S; if and only if S;%; S; for all
(1 <1< p). Therefore, * = mima+ « +7p.

The converse can be proved similarly by Definition 1.

Q.E.D.

Definition 2: A sequential machine M is called
bk, « « « Jk~output-observable with respect to the output
Sfunction 21 X 22 X -+« X 2, and a partition = if the follow-
ing conditions are satisfied, where each k; is a nonnegative
integer.
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Condition 1: The knowledge of the present state of M
is sufficient to uniquely determine the succeeding output
sequence of length k; observed at the output function z;
for every j (j = 1,2,---,p).

Condition 2: Let u;; be the output sequence of length k;
observed at z; when the initial state is S;. Then S;¥ 8; if
and only if (wi,««uip) = (wj,~+-u5) for all S; and
S; € 8.

When = is the zero partition, M is called output-ob-
servable.

For example, a sequential machine M, shown in Table
I is l-output-observable with respect to 2z and = =
{1,2;3,4,5}. A sequential machine M, shown in Table III
is 1,2-output-observable with respect to z; X z; and the
zero partition, and thus M. is output-observable.

Lemma 3: A sequential machine M is ky,ke,- -+, ky-out-
put-observable with respect to the output function
21 X 29 X+++X 2, and a partition = if and only if there
exist p partitions my,mee++,m, such that = = mm -,
and for each ¢ (v = 1,2,---,p) M is k;-output-observable
with respect to the output function z; and the partition
m; where each k; is a nonnegative integer.

Proof: Suppose that M is ki,ks, - - - k,-output-observ-
able with respect to 2; X 22 X +++X 2, and 7. From Defi-
nition 2, the following conditions are satisfied.

Condition 1: The knowledge of the present state S; of
M is sufficient to uniquely determine the succeeding out-
put sequence u;; of length k; observed at z; for every
J (G =12---p).

Condition 2: S;¥S; if and only if (ui,---,uip) =
(ﬂjly e Mip).

Define the partition 7;(1 < I < p) corresponding to the
relation 47 defined as S;%7 S; if and only if u; = u;;. Then,
from this and (1), it is clear that M is k;-output-observable
with respect to m;(1 <1 < p). Therefore, we have only
to show that = = mm---m,. From (2) we have that
8% 8; if and only if (= *<,pip) = (s~ +,1jp), and this
equation holds if and only if u;; = w; foralli(l <1 < p),
ie., 8;%; S; for all I. Hence we have that S; S; if and only
if Si%7 8; for all I. Therefore, 7 = mms++ *mp.

The converse can be proved similarly by Definition 2.

Q.E.D.

Theorem 2: The necessary and sufficient condition for a
sequential machine M to be modified by adding a binary
output function z so that it will be k-output-observable
with respect to the output function z and a partition = is
that M is k-semi-FSR realizable with respect to = where
k is a positive integer.

Sufficiency: Suppose that M is k-semi-FSR realizable
with respect to . Let ¥1,Y5,- - -, Y be its state assignment
variables, and let Y;(¢) be a value of Y; at time ¢. Then
from Definition 1, the following conditions are satisfied.

Condition 1: Y;(t) = Y;1(t — 1) for2 <j <k.

Condition 2: S;%8; if and only if (yif,---, 1) =
(yrd,+ + +,yx’) where (y1%,--+,ys") denotes a binary code of
the state assignment corresponding to state ;.

Define a binary output function z such that 2(S;) = y'
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TABLE III

Mobpr1FiEp MAcCHINE M,

P.S s N.S., x:izz
1 4, 01 2, 01
2 3, 00 2, 00
3 4, 10 3, 10
4 5, 10 5, 10
S 5, 11 1, 11

for each 8;€ 8. Every length-k output sequence
ZZ 1%+ +Z k1 observed at the output z starting at time
tis Ye(®)Y:(t+1)---Ye(t+k —1). From (1) this
sequence equals Y (¢) Yi_1(2)+--Y1(¢), which is a binary
code corresponding to state S; at time {. Hence, each
length-k output sequence u; observed at the output z is
uniquely determined only by the initial state S; and
i = Yi*+ - -y’ From (2) we have that S;%’S; if and only
if w; = w;. Therefore, M is k-output-observable with
respect to z and .

Necessity: Suppose that M has been modified by adding
a binary output function z so that it is k-output-observ-
able with respect to the output function z and =. Then
from Definition 2, the following conditions are satisfied.

Condition 1: The knowledge of the present state is
sufficient to uniquely determine the succeeding output
sequence of length & observed at the output function .

Condition 2: Let u; be this output sequence when the
initial state is S;. Then S;%8; if and only if u; = ;.

When pu; = Z1Z,---Z:, let a state assignment be
(yl‘,---,yk‘) = (Zk,' . ',Zl) for state S,‘. If B(S,',Iq) = Sj
for some input I, then p; = ZoZ;- « *Z1Zr1 where Ziyy i8
uniquely determined by S; and I, from (1). Hence, we
can define a feedback function f such that f(S;,1,) = Zis.
Since M = Z1Z2' . 'Zk and ;= Z2Z3' . 'Zka.H for
8(8;1,) = S;,wehaveY;(t) = Yi1(t — 1) for2 <1< k.
From (2) we have 8;%S; if and only if u; = p;, and thus
(1%, + - yx") = (yr%,+++,yx’). Therefore M is k-semi-FSR
realizable with respect to =. Q.E.D.

Theorem 3: Let M be a sequential machine. Then the
following four conditions are equivalent.

Condition 1: There exist p binary output functions
21,°*+,2p such that M is kyks,- - +,k,-output-observable
with respect to the output function z; X 2z; X+--X 2z, and
a partition .

Condition 2: There exist p binary output functions
21,22, * *,2p and p partitions wy,me,«««,m, such that M is
k:-output-observable with respect to z;and w;for1 <7 <p
and mmge+om, = T

Condition 3: There exist p partitions m,ms,««+,m, such
that M is k;-semi-FSR realizable with respect to m; for
1 <2< pand mme++mp, = . :

Condition 4: M i8 kyks, - - »,k-semi-FSR realizable with
respect to .
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Proof: From Lemma 3, Conditions 1 and 2 are equiva-
lent. From Theorem 2, Conditions 2 and 3 are equivalent.
And it follows immediately from Lemma 2 that Condition
3 is equivalent to Condition 4. Q.E.D.

III. OUTPUT-OBSERVABLE
SEQUENTIAL MACHINES

In this section we show an algorithm for modifying a
given machine to an output-observable one by adding a
minimum number of extra outputs. For a given sequential
machine M with a binary output function 2z, we can find
a minimum partition = and a minimum integer k¥ such
that the machine M is k-output-observable with respect
to z and . This method is shown in the following.

Procedure A

Step 1: Set #(0) = ITand ! = 1.

Step 2: For every state S, test whether all the output
sequences of length ! observed at the output function z
with the machine M initially in state S; are the same. If
“no” for some state S;, set r = xr(l — 1) andk =1 — 1,
and stop. If “yes” for all states, then define a relation o
such that S; 7% S; if and only if u:(l) = u;(I) where
#i(1) is the output sequence of length ! corresponding to
state S;.

Step 3: If w(I) = 0, then set = = 0 and k£ = I, and stop.
Ifx(l) = x( — 1), thensetr = x(l) andk =1 — 1, and
stop. Otherwise, set I = I + 1 and go to Step 2.

Step 2 is a process to test if M is l-output-observable
with respect to the output function z and a partition x(1).
If M is known not to be l-output-observable with respect
to z and 7 () in Step 2, then the minimum partition is
w(l — 1). This process is continued until =(I) becomes
either v (I — 1) or the zero position.

It is clear that () < #(l — 1) for each I in Step 3.
Therefore, Procedure A terminates in a finite amount of
time, i.e., is an algorithm.

To prove that the partition obtained by means of
Procedure A is minimum, it will be sufficient to show that
7(l) = #(l — 1) implies #({ + 1) = =x(I) for each .

Assume that x(l) = #(l — 1) for some ! in Step 3.
Then M is m-output-observable with respect to z and
w(m) for all m(1 < m <1). Since M is l-output-observ-
able with respect to z and = (), we have that S; 7y S;
implies w;(I) = p;(1). Let wu:i(l) = p;(1) = Z1Zs++-Z1.
Then all the output sequences of length I — 1 correspond-
ing to states 6(S;,/;) and §(S;,I;) for all inputs I; and I;
are the same and can be denoted by Z,Z;- - - Z;. Therefore,
8(84,1:) 72y 8(8;1;) for all inputs I; and I;.

Since (l) = (I — 1), 8(S;,1:) =5 8(S;,1;) for all I,
and 7;, and thus all the output sequences of length [
corresponding to states 6(S;,I;) and (8S;,I;) are the same
and can be denoted by Z;Z;---Z,Z;,,. Therefore, all the
output sequences of length I 4+ 1 corresponding to state
S; znd S; are the same, ie., uw;(I+1) = p;(I+1) =
Z\Zsy+++Z1Z1yy. This implies S; /51, S;. Hence, S; 25 S;
implies S; 705, S;, i.e., (1) < #(I + 1). Moreover, it is
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obvious that »(l + 1) < x(l) for each I in Procedure A.
Therefore, #(I) = »(l + 1).

Suppose that, for a given sequential machine M, =; and
k:(1 <7< p) have been obtained by means of Pro-
cedure A; then M is k;-output-observable with respect
to the output function z; and the partition ; for each
(1 <7< p). If mmge+-w, = 0, then M is output-observ-
able. If myms- - »m, > 0, then we have the following theorem.

Theorem 4: The necessary and sufficient condition for a
sequential machine M (see Fig. 3) to be modified by
adding s binary functions wy,ws,- - -,w. so that it will be
kvka,« « < Jkply,  « « l,~output-observable with respect to the
output function z; X 22 X+++X 2z, X w; X+-+X w,is that
there exist s partitions 71,7s,+ « +,7, such that M is [;-semi-
FSR realizable with respect to r; for each 7(1 < ¢ < s)
and e+« +wp7i7ee - +7, = 0 where each k; is a nonnegative
integer and each [, is a positive integer.

Proof: This can be proved readily from Theorem 3 and
the fact that M is k;-output-observable with respect to
z; and ; for each (1 < 7 < p). Q.E.D.

From Lemma 1 and Theorem 4 we have the following
corollary. :

Corollary 1: The necessary and sufficient condition
for a sequential machine M to be modified by adding s
binary output functions wi,we,--+,w, so that it will be
kyykoy o < Ky layls, « « + Li-output-observable with respect to the
output function 2z; X 22 X+« X 2z, X w1 X wg X+++X w,
is that there exists s SRP’s 71,73, « +,7, of length l3,ls,« - -1,
respectively, such that mme- « -wpriTe- -7, = 0.

Corollary 1 shows that if we can find the least possible
number of SRP’s 71,73, - +,7, such that

TIWe* * *WpT1T2* * * T = 0’

then we can modify the machine M to an output-observ-
able one by adding a minimum number of extra outputs.
The problem of generating all the SRP’s for a given
machine has been investigated by Nichols [16].

Suppose that we have obtained the least number of
SRP’s 71,79,+++,7, satisfying the condition of Corol-
lary 1. Then we can construct binary output functions
w;(1 < j < 8) satisfying the condition of Corollary 1 as
follows. Let Y;;,Yjs,+«+,Y;;;, be the state assignment
variables of the l-stage shift register corresponding to
SRP 7, (see Fig. 4), and let (yq%ys%, -+ +,y;,°) be a binary
code corresponding to state S;. Note that each state is
given a single coding. Define a binary output function w;
such that w;(8;) = y;;,* for 8; € S, in the same way as
shown in the proof of Theorem 2.

Summarizing this argument, we can present the follow-
ing procedure for modifying a given machine so that it
will be output-observable by adding a minimum number
of extra outputs.

Procedure B—M odification Algorithm

Step 1: Given a sequential machine M having binary
output functions z;,2s, * +,2, find a minimum partition ;
and k; for each z;(1 < 7 < p) by means of Procedure A.
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Fig. 4. Tllustration of Procedure B.

Step 2: Set s = 1.

Step 3: Test whether there exist s SRP’S 71,75, +,7,
such that mms- - -myrirs- = 0. If “yes,” then go to
Step 4. If “no,” then set s = s 4+ 1, and repeat Step 3.

Step 4: Let Y;,Yj5,-¢-Y,;, be the state assignment
variables of the I-stage shift register corresponding to
SRP 7;(1 <j <s), and let (yu'---,y;,°) be a binary
code corresponding to state S; (see Fig. 4). Define binary
output functions w;(1 <j <'s) such that w;(8;) = y];,"
for 8; € S.

Ezample 1: To illustrate Procedure B, consider a se-
quential machine M given by Table I which is not output-
observable. Let us modify M; to an output-observable
machine by Procedure B. The determination of a mini-
mum number of additional output functions is shown
below, where each step is indicated by the corresponding
number:

Step 1: Applying Procedure A, we can obtain k; = 1
and m = {1,2;345}.

Step 2: s = 1.

Step 3: Testing whether there exists an SRP 71 such

deed, mri = {T23:3:5). (L23.45) = (12:3:4; 5} = 0.
The transition graph of 7, is shown in Fig. 1(a). This
transition graph is a subgraph of the Good diagram for a
two-stage shift register shown in Fig. 1(b). By giving a
unique coding to each state in accordance with the labeling
of the corresponding states in the Good diagram, we can
obtain a state assignment shown in Table II.

143

Step 4: By adding output function z; such that z, = Y5,
we can obtain the modified sequential machine M, shown
in Table III which is 1,2-output-observable with respect
to 21 X z; and the zero partition.

IV. FAULT DETECTION FOR OUTPUT-
OBSERVABLE SEQUENTIAL MACHINES

In this section we consider fault detection experiments
for kyke,- - +,ky-output-observable sequential machines.
Let M be the fault-free machine with the output function
21 X 22 X+« « X z,and let M’ be the tested (possibly faulty)
machine with the output funetion z’ X 22’ X---X 2,".
Assume that the class of allowable failures satisfies the
following conditions.

Condition 1: Any failure which occurs is assumed to
occur throughout the test.

Condition 2: A failure which increases the number of
states in the machine does not occur.

Condition 3: A faulty machine M’ is still kyks,« -« kp-
output-observable with respect to z’ X 22’ X---X 2’
and some partition =, i.e., the knowledge of the present
state of M’ is sufficient to uniquely determine the succeed-
ing output sequence of length k; observed at the output
funection 2; for all 7(1 < 7 < p).

In Section II we have shown that ki,ke,- - -,k,-output-
observable sequential machines can be realized as binary
FSR’s of the form shown in Fig. 2. For sequential machines
with shift registers, let us consider a fault that results
when one of the stages of any FSR is either stuck-at-1 or
stuck-at-0. The output, then, at the last stage of the
faulty FSR will be a sequence of identical values. There-
fore, the present state of the faulty FSR is sufficient to
uniquely determine the succeeding output sequence (a
sequence of identical values) of length k& where k is the
length of the fault-free FSR. Hence, this fault satisfies
the above fault assumption. Any stuck-at fault in the
combinational circuit is also included by the above fault
condition.

Under these assumptions, let us design a checking
sequence. Given a ki,ks, - - +,k,~output-observable sequen-
tial machine M, let w; be an input—output sequence that
passes through all the transitions of the state table of M,
and let w; be an arbitrary input-output sequence of length
k where k = max {ky,---,k,}. It will be proved in the fol-
lowing theorem that the input—output sequence wiws,
called C-sequence, is a checking sequence.

Theorem 6: Let M be an output-observable sequential
machine. Then the sequential machine satisfying® the
C-sequence of M is isomorphic to M.

Proof: Let M’ = (S8',1,Z,8’,\') be a sequential ma-
chine satisfying the C-sequence of M. From the failure
assumption, M’ is ky, - « +,k,-output-observable with respect
to 2’ X 2o’ X+++-X 2z,” and some partition =. Let S; and

*We say that a sequential machine satisfies an input-output
s%quence if, applying the input sequence, the output sequence is
obtained
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S/ be the states of M and M’, respectively, at time ¢ in
the C-sequence. Define a mapping f:8’ — 8 such that
f(8/) = 8, for each time ¢. We first show that this yields
a well-defined mapping.

Now suppose that S, #= S;, at time # and t,. This
implies that

zi(h)zi(th + 1) -+ zi( + ki — 1)
= zi(t)zlty + 1)+ vzi(ta + ki — 1)

for some 1, since M is kyks,-* -,k,,—oiitput-observable with
respect to 21 X 22 X -+ X 2z, and thé zero partition. Since
M’ satisfies the C-sequence of M,

z;'(t,-)z,"(t,- + 1) L °2."(tj + ki - 1)
= zi(tj)zi(t; + 1) -+ -2i(t; + ki — 1) for j =12

Therefore,

z/(h)zd/ (4 1)--2/ (b + ki — 1)
#zi(k)e/ (b + 1)z (e + ki — 1).

This implies S.,'#S.,/, since M’ is kiy,ks,- -+, k,~output-
‘observable with respect to 2z, X 2’ X -+« X 2,/ and . This
implies S;,’ > S:,. Hence, S,, # S, implies S, = S.,.
This shows that f is well-defined. .

Since the C-sequence passes through all the states of S,
the mapping f is a surjection. Mor¢over, from the failure
assumption (2), we have | 8’| < | S| where | S| means
the number of states in S. Thus, f is a bijection.

Let I, and Z, be the input and cutput symbols, respec-
tively, at time ¢ in the C-sequence. From the definition of
f, we have f(5'(S/,1.)) = f(8ur1') = Sea = 8(8s10) =
8(f(8/),10),and N (8/,1:) = Z. = N(8y1:) = N(f(8/),1)
for any time ¢.

This holds for all states and all input symbols of M,
since the C-sequence passes through all the transitions of
the state table of M. Hence, f is an isomorphism of M’
onto M. Q.E.D.

Theorem 5 implies that only the correctly operating
machine satisfies the C-sequence of M. However, the
converse is not always true, i.e., the correctly operating
machine does not always satisfy the C-sequence when the
machine under test is not initially in the starting state
of the C-sequence of M. So the machine under test should
be initially in the starting state of the C-sequence when
the C-sequence is to be applied. This can be done by
applying a homing sequence.® For ki ks,-- - ky~output-
observable sequential machines, any input sequence of
length £ (kK = max {ki,ks,+-+,kp}) is a homing sequence.
The entire checking experiment can be summarized as
follows.

Step 1: By applying an arbitrary input sequence X, of
length £, determine the final state S,.

# An input sequence is said to be a homing sequence if thé re-
sgonse of M to its application uniquely determines the final state of
the machine independently of the initial state.
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Step 2: Construct an input sequence X, which passes
through all the transitions of M initially in state So.

Step 3: Apply the input sequence X, followed by an
arbitrary input sequence X; of length k (the C-sequence
of M), and observe the response. The machine under test
is correct if it responds carrectly to the input sequence
X,X;. Otherwise, the machine is faulty.

Ezample 2: Consider machine M, given by Table III,
which is 1,2-output-observable with respect to output
function 2z; X 2: and the zero partition. By applying an
arbitrary input sequénce of length k (k = max {1,2} = 2)
and observing the output sequence of length 1 and 2 at
the output terminals z; and 2s; respectively, we can estab-
lish the initial state and the final state. Suppose that the
machine is in the state 1, thén the shortest input—-output
sequence w; that passes through all the transitions of M,
is obtained as follows:

Input 0001110101

State 1 45512233 435

Output 22 1 0 1 1 1 0 0 0 0 O
2 0111000111

As the final state is 5, the following sequence is an
input—output sequence w; of length 2 starting at state 5:

Input 00
State 5 5 5
Output 2z 1 1

21 1 l .

Then a checking sequence for M is the following:

Input 000111010100
State 1 4551223345535
Output 2 1 0 1 1 1. 0 0 0 0 0 1 1

201110001 11T11.

The problem of obtainingl the shortest input sequence
X, in Step 2 can be reduced to the traveling salesman
problem. Consider a directed graph consisting of a finite
set V of vertices together with a collection U of ordered
pairs of vertices, called arcs, in which associated with
each arc (v;;) is a number d;; > 0 (which we shall call
the distance between v; and ;). Any sequence of vertices,
in which every vertex of the graph appears at least once
and the first and last vertices are identical, is called a
tour. A tour may be written as { = (V1,02 *,0p01). The
length of the tour, denoted by L(t), is the sum of the
arc lengths over the arcs included in the tour, i.e.,

L) = X di

(vi,0j)et

The problem of finding the shortest tour is the well-known
traveling salesman problem [15].

As the application of the traveling salesman problem,
we have the following procedure for finding the shortest
input sequence which passes through all the transitions
in the given state diagram or the state graph.
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Step 1: Construct an interchange graph* G of the given
state graph, and set d;; = 1 for all ares (v;v;) in the
graph G.

Step 2: Find the shortest tour in the graph G by the
method for solving the traveling salesman problem, and
construct the input sequence starting from state S,, which
corresponds to the tour.

Although the comparison of our method with the previ-
ous methods [1]-[8] is difficult because of the different
fault assumptions, we will show some advantages of our
method. Since a checking experiment must check all the
transitions of M, it must pass through at least all the
transitions. This follows from the fact that no checking
sequence can be shorter than the shortest input sequence
X, which passes through all the transitions. Therefore
| X2 | < Lo where | X, | is the length of the input sequence
X, and L, is the length of the minimum checking experi-
ment. Furthermore, | X;| = | X3 | = k < n where n is the
number of states of M. Consequently, | X:X.X;| =
2k + | X2 | < 2n + Lo, i.e., the length of the checking
experiments for the n-state output-observable sequential
machines is at most 2n 4+ Lo. These are nearly minimum
checking experiments, and hence are much shorter than
those described in previous work.

Since the checking experiments presented here have
only to pass through all the transitions in order to check
all the transitions, the procedure is much simpler than
the previous method [1]-[8]. However, when one tries
to obtain the shortest input sequence which passes through
all the transitions, one must apply such a method as the
traveling salesman problem, so the amount of computation
may become huge, in general.

V. CONCLUSION

In this paper we have introduced output-observable
sequential machines as the easily testable sequential
machines, and have described a procedure for the modifi-
cation of a given sequential machine to an output-ob-
servable one by adding a minimum number of extra out-
puts. This procedure is mainly based upon the fact that
the output observability of a sequential machine is equiva-
lent to the semi-FSR realizability of it. We have also
presented a procedure for the organization of simple,
short, and efficient checking experiments for output-
observable machines. For such machines, the checking
experiments have only to pass through all the transitions
of the given state table. In this sense, the output-observ-
able machines have the advantage of being easy to test.
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